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ABSTRACT
One-dimensional absorption of water by a two-layered soil is 
analysed using a flow equation based on Darcy*s law and conservation 
of mass. Assuming that the water flow through the first layer is 
quasi-steady-state during flow into the second layer, the boundary 
condition at the interface between the two layers may be specified 
directly from Darcy’s law for steady-state flow. Steady-state flow 
is well understood, and the theory deals explicitly with the flow of 
water in the second layer.
Reduced variables are introduced to remove the explicit dependence 
of the second layer water flow on the length L of the first layer of 
soil.
The two-layer analysis is an extension of the theory devised by 
Smiles et al. (1982) who studied absorption of water by a soil with a 
surface crust. The two-layer theory predicts that for a given reduced 
time T, the first and second layer water-content profile, when plotted 
against the reduced length X, will collapse onto one unique reduced 
water-content profile.
Experiments performed on a two-layer system comprising two 
fractions of Bungendore fine sand, one fraction relatively fine, and 
the other coarse, indicated that the proposed scaling in the reduced 
variables X and T was as predicted by the theory.
With the moisture-characteristic and soil-water diffusivity for 
the two sand fractions well defined, the reduced water-content profiles 
in both the first and second layers were predicted using the two-layer
theory.
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Predictions of the water-content profiles in the reduced coordinates 
X and T were found to be poor. The misclose between the predicted and 
experimental reduced profiles was mainly due to the difficulty in 
determining the water-content of the second layer at the interface 
between the two layers. Because of the strong dependence of soil-water 
diffusivity on water-content, any uncertainty in the determination of 
the second layer surface water-content has a great effect on the pre­
dicted second layer water-content profile.
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*V flux of water into the soil surface using the Boltzmann coordinate X
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1. INTRODUCTION
Absorption of water by uniform soils is generally well understood, 
and provides a firm basis for the tackling of problems involving hetero­
geneous media. One particular problem of interest is the flow of water 
(or solution) though a layered soil. Such soils are common, see for 
example Stace et. al. (1968). An analysis of the flow through such a soil 
system would be a step towards more complete knowledge of the behaviour of 
soils in the field.
Investigations of water flow through a layered soil date back to the
1940’s when Colman and Bodman (1945) looked at the distribution of water-
contents and potentials within soil columns during infiltration into a
layered soil. Takagi (1959) analysed infiltration into a two-layered soil
using Darcy's law, but restricted his study to a less pervious soil over-
lying a soil of greater permeability. Swartzendruber (1960) investigated
infiltration through a saturated layered profile using Darcy’s law for a
sectionally continuous hydraulic conductivity. A similar approach was
/
used by Bybordi (1968) who calculated water-content profiles for each
%
layer using the hydraulic conductivities for successive layers in con­
junction with the moisture-characteristic for the respective layer. Childs 
and Bybordi (1969) extended the infiltration model of Green and Ampt (1911) 
to infiltration into stratified soil consisting of layers with conductivity 
decreasing from the surface. Philip (1967) considered sorption and 
infiltration into heterogeneous media, applying quasi-analytical techniques 
for analysis of specific problems, with the media assumed to be everywhere 
geometrically similar, but the characteristic internal length scale free 
to vary spatially. Zaslavsky (1963) developed a theory of infiltration 
into unsaturated layered soils which provided a qualitative analysis of
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the flow, and extended it to lateral and horizontal flow. A numerical 
solution of the flow equation for layered soil was devised by Hanks and 
Bowers (1962).
This work presents an extension of the quasi-analytical theory 
devised by Smiles et. al. (1982), who studied absorption of water into 
soil through a surface crust. When the conductance of the crust is 
constant, the flux of water though the crust is proportional to the soil- 
water potential difference across the crust. This boundary condition is 
a radiation-type boundary condition with the constant of porportionality 
being the crust conductance. For absorption of water by a two-layered 
soil, the conductance of the first layer will vary, depending upon the 
soil properties, and length of the first layer. The extended theory will 
deal with transient flow in a horizontal direction in a two-layered soil, 
treating the transfer of water through the first layer as quasi-steady- 
state.
It is useful to trace the development of the basic theory of flow
through porous media as an introduction to the two-layer theory to follow.
%
In the early 1900's, Buckingham (1907) published a paper which was 
to be a foundation stone in the development of soil-water flow theory.
Rather than looking at the flow of water through soil from the viewpoint 
of models based upon packing of spheres, or groups of capillary tubes, 
he realized that the pore geometry is itself too complicated to be 
specified, thus not allowing detailed analysis of the nature of water 
flow in the microscopic scale. His formulation was built upon the measurable 
quantities on the observational scale, quantities that are averages over 
regions with dimensions very large compared with that of the individual
pore.
10.
1 1 Moisture characteristic
Buckingham recognised that the forces governing the movement of 
water in soil are conservative, and therefore amenable to treatment 
through their scalar potentials. He defined a total potential in the 
soil-water system which consisted of the gravitational potential, and 
potential of the forces arising from local interactions between soil and 
water. The potential at one point in the soil-water system relative to 
an arbitrarily chosen reference - zero state is the amount of work which 
must be done by an externally applied force in order to move a 
specified amount of water from the reference to that point. The amount 
of water may be chosen arbitrarily, and the unit of potential follows.
If unit weight of water is chosen, then for a non-swelling soil Buckingham 
showed that:
^ = p/gp-z (m H20) (!)
where: * = total potential (m H20),
-1 -2p = pressure (kg m s ),
g = acceleration due to gravity (ms )^ ,
p = density of water or liquid (Jcg m"3) , and
z = vertical ordinate taken positive downward (m).
The term p/gp is the soil—water potential, \p, due to the local inter­
actions between the soil and water, and corresponds to the height of 
liquid in a manometer. We may now define the soil-water potential 
as:
\p = p/gp (m H20) . (2)
For the soil materials used in the following experiments, these inter­
actions between soil and water arise from adsorption of water onto the
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surfaces of the soil particles, and capillarity due to the geometry 
of the soil particle surfaces.
The total potential can now be written:
* = ip - z (m H20) . (3
The way in which the water-content of a soil changes with soil- 
water potential is called the moisture-characteristic. Because of 
the irregular nature of the pores in soils, the moisture-characteristic 
is non-unique, and depends on the direction of change of water-content, 
and the past history of wetting and drying of the soil. This hysteretic 
phenomenon is described in detail by Childs (1967).
In this work we deal only with soil that is increasing its water- 
content. Under this condition the soil-water potential is uniquely 
determined by the water-content of the soil, and so we are concerned 
with a single moisture-characteristic curve that is a non-changing 
property of the respective soil-water system.
1,2 Darcy’s law, hydraulic conductivity, and diffusivity
The fundamental assumption on which the macroscopic description 
of liquid flow in porous media rests is that Darcy’s law applies.
Darcy (1856), through observation, empirically determined that the 
rate of flow of water in a soil column is proportional to:
(a) the difference in total potential between the ends of the 
column,
(b) the column cross-sectional area, and
(c) the inverse of the length of the column.
These proportionalities may be written in mathematical form as Darcy’s 
law:
v = -K grad ^ (m s *) (4)
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where, v - volume flux density, the volume of water passing unit 
area of cross-section of soil in unit time (m s'1),
^ = saturated conductivity (ms 1) , and 
grad = total potential gradient.
The saturated conductivity is a constant, a characteristic of a 
given soil. It must be recognised that Darcy's law is an experimental 
law, applicable to porous media in which the flow is laminar, and the 
media isotropic. This does not mean that there is no basis for Darcy's 
law from purely hydrodynamic arguments. Indeed, much energy has been 
devoted to theoretical derivations and hypotheses on the limitations 
and possible extensions of Darcy's law. See for example: Swartzendruber
(1968), Irmay (1958), Childs (1967), Raats (1965), Klute (1952).
The extension of Darcy's law to unsaturated soils led to the con ept 
of an hydraulic conductivity which is dependent upon the water-content 
of the soil,[Buckingham (1907), Richards (1931), Gardner (1946), Irmay 
(1956)]. Further, if the moisture-characteristic is well defined, and
there is no hysteresis, then Darcy's law may be written in its diffusion 
form:
V = -D(0)grad0 + K(0)grad z (5)
where: D(6) = soil-water diffusivity (m2s'1),
K(e) = hydraulic conductivity (ms'1), and
e = volumetric water-content, the ratio of the volume of 
water to volume of soil (m1 m'1).
Rewritten in this form, Darcy’s law states that the rate of flow 
of water is proportional to the gradient of the concentration of water 
in the soil, and for non-horizontal flow, also porportional to a gravity
13.
term. Soil-water diffusivity D(6) is defined as:
D(6) = K(6)dil/de (m2s_1)
where. d^/d6 - slope of the moisture characteristic 9(iji). 
Since we are only considering horizontal flow in one dimension, the
gravity term of equation (5) disappears, leaving, in terms of water- 
content:
v  = - D ( e ) a e / a x
where: x = horizontal co-ordinate (m).
In order to fully define water flow in a horizontal one-dimensional 
non-swelling system we need to know only the moisture-characteristic e(*), 
and the diffusivity water-content relationship D(0). These are macro­
scopic properties of a given soil-water system that cannot, in general, 
be calculated a priori, but may be measured relatively simply.
1 • 3 Continuity equation
Richards (1931) applied the conservation of mass requirement 
Darcy's law, obtaining a partial differential equation describing 
movement in unsaturated non-swelling soils. Conservation of mass 
that if the volume flux density along the flow path changes, then
to
water 
requires 
the soil
water-content must change accordingly, i.e.:
(39/3t) = - O v /3x K
X  L
where: t = time (s)
1.4 Flow equation
Combining equation (7), and (8), we arrive at the unsaturated flow 
equation for horizontal one-dimensional flow in a non-swelling soil:
Se/9t = 3/9x [D(0)90/3x]. (9)
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Equation (9) is the well known diffusion equation of mathematical physics, 
but with the difficulty that the diffusivity is strongly dependent on the 
volumetric water-content,[Philip (1969)].
The solution to equation (9) for given initial and boundary conditions 
represents an evolving family of water-content profiles 6(x,t).
2. THEORY
2.1 Definition of the problem
We now consider unsaturated, one-dimensional, horizontal absorption 
of water by a soil consisting of two layers, each soil layer having its 
own intrinsic experimentally determined soil-water diffusivity D(0), and 
wetting moisture-characteristic 6(\p). Figure 1 illustrates the system, 
with water being applied to the surface of the first layer at a negative 
potential \p .
The origin of the co-ordinate x is set at the interface between the 
two layers.
There are two flow regimes which are encountered in the two-layer 
system. Before the encroaching water reaches the second layer, the 
flow in the first layer is transient, and subject to the constant 
potential boundary condition. During this period, flow in the first 
layer may be analysed using the equations developed in Section 3.3, and 
Appendix I and II.
When water begins to flow into the second layer, the water-contents 
6^ and 0* at the interface of the first and second layers respectively,
(x= 0), will increase with time as the second layer water-content 
profile develops. It is then assumed that the flow in the first layer 
is quasi-steady-state. The flow in the second layer is subject to a
layer and * for the second. 
The initial soil-water potential is the same for
15
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boundary condition which is simply a statement of Darcy’s law at the 
surface of the second layer. This condition is modified by equating 
the flux of water leaving the first layer to that entering the second.
Steady-state flow implies that the potential (or water-content) at 
each end of a soil-water system is constant with time, so that the water- 
content profile is constant, and the flux of water entering the soil 
equals that leaving. The assumption of quasi-steady-state flow in the 
first layer implies that the interfacial soil-water potential (water- 
contents) may change with time, but at any instant the flow is considered 
steady-state, subject to the two boundary potentials ip , ipQ (t). This 
hypothesis means that we assume that at any instant the flow velocity 
throughout the first layer is constant, which, by complying with the 
continuing requirement, implies that the total water-content of the 
first layer does not change. Obviously this is not true. However, if 
the flow of water into the second layer is large compared to the amount 
of water that is stored in the first layer as the first layer water- 
content profile increases with increasing 0^, the stored water may be 
ignored, and quasi-steady-state flow in the first layer should be a 
reasonable assumption. The validity and consequences of the assumption 
of steady-state flow in the first layer will be examined in more detail 
later.
Steady-state flow is well understood, Smiles and Towner (1968), so 
the first layer presents no difficulties once the flow reaches the 
second layer, if the application of the model of Smiles and Towner is valid.
2.2 Two-layer theory
This theory deals with the flow in the second layer, i.e. for x 0, 
where the flow is transient. We wish to solve equation (9):
90*/3t = -a/9x [D*(e*)90*/3x] (9)
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subject to the initial conditions:
\b* = \b* 0* = 0* x ^ 0, t = 0 (10a)n n
and the boundary condition:
v (©*) = -D*(e*)ae*/9x , x = o , t > t (iob)o o . o
where: v q (0*) = volume flux density of water entering the
second layer,
tQ = time at which water begins to enter the 
second layer, and
* indicates properties of the second layer.
The initial condition is that for a uniform soil at a given bulk density 
and uniform initial water-content and potential. The boundary condition 
is a statement of Darcy’s law at the beginning of the second layer.
The method of solution involves matching the flow in the first 
layer with that in the second layer through the potential o^(t-t ) at 
the interface between the two layers, x = 0.
Darcy's law, as applied to the first layer for quasi-steady-state 
flow, i.e. once the water-content profile has reached the interface, is 
then:
v (e’,0 ) = -D’(0')d0’/dx , -L < x < 0 (11)S O S
where: vs(6o>es) = vo^ume flu* density entering the surface
of the first layer, and
’ indicates properties of the first layer.
The flux vg is time dependent due to the change in 0  ^with time.
With the water stored in the first layer with increasing assumed
negligible, the flux into the first layer will be equal to that into
the second layer, so for a given applied water potential (0 ):8 S
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v (e *) = v (e*) = -D1 (e ’)de '/dx . s o  o o (12)
We may then integrate equation (12) to obtain the modified boundary 
condition:
v (9*)dx 
o o
0,
d ?(e')de’
vo(e*)L = - D'(e')de' (13)
s
where v q (0*) in equation (13) is obtained from the integral by using the 
moisture-characteristic for each soil layer to find 0* from 0^ using 
iPo (d*) = ^o (0q )* Equation (13) allows calculation of the flux of water 
into the second layer purely from the first layer soil-water properties.
We now introduce a set of reduced variables that remove the explicit 
dependence of the analysis on the length of the first layer L. Space- 
and time-like variables X, and T, similar to those used by Ahuja and 
Swartzendruber (1973), and Smiles et al. (1982), are defined, along with 
a reduced flux V, and a reduced cumulative-inflow of water into the 
second layer, I. The reduced variables are: ,
X = x/L (14)
T = (t-to)/L2 (sm'2) (15)
V = vL (m2 s b  (16)
I = i/L (17)
where: i = cumulative inflow of water into
the second layer (m H^o) .
Using the reduced variables, X, T, V and I, we may rewrite the
equations of:
19.
Continuity: (30*/BX)t
Darcy's Law: V
Initial Condition ip*
= - O V / 3T)x (18)
= -D*(0*)ae*/8x (i9)
= , e* = e*, x >  o, t = o (20)
D'(e')d0\  x = o, t > o <21)
JQ
Boundary Condition v (0*) o o
The solution to equations (18) to (21) will be a family of 
evolutionary reduced water-content profiles 0*(X,T), independent of L 
Since we are dealing with transient flow in the second layer, we
follow the approach of Parlange (1971), Knight and Philip (1974) , and 
Philip and Knight (1974) who developed a quasi-analytical method of
solving transient flow problems. The method is based on the concept 
of a flux-concentration relation F(0), defined by Philip (1973). 
Basically, T(0) relates the flux of water at some position x in the 
soil with water-content 0,to that at the surface, x = 0, 0=0g . In the 
second layer, the surface water-content 0* is time dependent, as is 
the water-content at any position in the profile. We assume that the 
F(6) relationship for the constant potential boundary condition is valid 
for flow m  the second layer. For a brief description of the form and 
derivation of F(0), refer to Appendix I.
Using the approximation for F:
F(©*) = v(e*)/v (e*)O O
where: 0* - (0* - 0*)/(6* - 0*) (normalized water-content),
and the reduced form of Darcy's law, equation (19), we have:
v = -D*(0*)ae*/ax = v (0*)f (©*)o o (23)
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Then rearranging and integrating equation (23) at fixed reduced 
time T yields:
r6*
V (6*)dX o o D*(e*)/F(0*)de*Je*o
x = -[l/v (e*)]o o D*(6*)/F(0*)d0*, x > 0 . (24)JQ*o
If D(0*), and F(©*) are well defined, equation (24) produces 
water-content profiles e*(X)^. For a given value of reduced time T, 
equation (24) predicts that all of the real-space water-content profiles 
6*(x), regardless of first layer length L, will fall onto a single 
reduced profile 6*(X) .
In the first instance we explore this predicted scaling of the
process, and in particular examine the uniqueness of 0*(X) .
We then investigate a quasi-analytical method for solving the flow
equation subject to the initial and boundary conditions, eauations (20)
and (21), to predict the reduced water-content profiles in both layers,
0*(X)T, x > 0, and e'(X)T, -1 * X < 0.
The strategy for obtaining quasi-analvtical solutions is as follows.
In eauation (24), we need to know 0*(T) to be able to Dredict the secondo
laver reduced water-content profile e*(X)^. To arrive at 0*(T) we 
proceed from the reduced cumulative-inflow, I.
The reduced cumulative-inflow of water into the second layer I is 
defined as:
1(0*)o
0*o
J0*n
X d0* . (25)
Substituting for X from equation (24):
V 1(0*) 
o o
0*o
J0*n
D*(0*)/F(0*)d0*
J0*o
de* (26)
21.
which, after integration by parts, reduces to:
V 1(9*) o o
e*
(e* - e*)D*(e*)/F(0*)de*
3* nn
(27)
The reduced surface flux V (0*) is defined as:o o
V (6*) = dI(6*)/dT(0*) o o o o (28)
which may be rearranged and integrated:
1(0*) [VQ (e*)] x d i (e * ) (29)
and the solution is in our grasp. Equation (29) yields 0*(T), and 
equation (24) then gives 6*(X)T« The method by which predictions 
are made is explained in detail in section 4.
The reduced water-content profiles in the first layer come 
cirectly from integration of Darcy’s law in reduced form for steady- 
state flow:
v ( e ’) = -D’(e')de'/dx o o
J-1
v ( e ’)dxo o
0 ’
D ’(0’)d0’
f0’x = (-[l/v ( e •)] D'(e')de')-i, -l <  x <  o
6S
(30)
and we are able to predict the reduced water-content profiles in 
both layers using equations (24) and (30) for any 0^(T), and 
6*(T) , with 0’ and 0* related through \p .
2 2.
3. SOIL PROPERTIES 
3.1 Description of soils
Experiments were performed using two sieved fractions of Bungendore 
fine sand. The unwashed sand was initially sieved to exclude all 
particle sizes greater than 2 mm diameter. The particle size distribution 
of the resulting sand is shown in Table 1(a), using the method of particle 
size analysis described by McIntyre and Loveday (1974) .
Further sieving of the sand was performed to obtain the two fractions 
used in the experiments, see Table 1(b).
The initial gravimetric water-content (ratio of mass of water to 
mass of dry soil) of the two sand fractions, and the respective bulk 
density to which these fractions were packed in columns, and their 
resulting volumetric water-contents are shown in Table 1(c). These 
initial conditions were used in all experiments.
Due to the presence of a small amount of clay material in the two 
soils, particularly in the fine sand fraction, a solution of 0.1 M 
CaC^ was used in all experiments rather than distilled water. Trial 
experiments with distilled water indicated that the clay was being 
transported with the water, and a sieving effect at the interface between 
the two sand fractions for the two-layer experiments restricted the flow 
of water into the second layer, particularly for the coarse sand 
preceding the fine sand. The electrolytes in the CaC^ solution caused 
flocculation of the clay particles into larger aggregates which then 
because of their size became relatively immobile, and ceased to move with 
the soil-water, [Russell (1976)].
In all the following, the term ’water’ will refer to the 0.1 M
Table 1. Soil Properties
Table 1(a). Particle size distribution of Bungendore sand, sieved < 2 mm
< 2 ym 3.5%
2 - 2 0 ym 1.5%
20 - 200 ym 71.0%
200 - 2000 ym 24.1%
Table 1(b). Particle 
sand usedsize distribution of the two fractions of Bungendore m  the two-layer experiments
Fine fraction: less
Coarse fraction: 0.15
than 0.076 mm diameter 
to 0.32 mm diameter
Table 1(c). Irntxai gravimetric water-content of the two sand fractions, 
bulk density to which they were packed in columns, and the 
resulting volumetric water-contents.
Init. 
Grav.
Fine fraction 0.050
Bulk
density Init. 
(g.cm~3) Volu.
1.50 0.075
Coarse fraction 0.010 1.63 0.016
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CaCl2 s o l u t i o n .  The p r e s e n c e  o f  t h e  s a l t  i n  t h e  s o i l - w a t e r  may be
i g n o r e d ,  a s  i t  h a s  n e g l i g i b l e  e f f e c t  on th e  d e t e r m i n a t i o n  o f  w a t e r -
c o n t e n t s ,  t h e  d i f f e r e n c e  be tw een  th e  d e n s i t y  o f  d i s t i l l e d  w a te r  (0 .9 9 8  
- 3  -3g cm ) and 0 .1  M CaCl^ (1 .0 0 6  g cm ) a t  20°C b e in g  i n s i g n i f i c a n t .
Any i n t e r a c t i o n s  be tw een  t h e  s a l t  and s o i l  w i l l  be a c c o u n te d  f o r  i n
th e  d e t e r m i n a t i o n  o f  t h e  m o i s t u r e - c h a r a c t e r i s t i c  and s o i l - w a t e r  d i f f u s i v i t y .
A l l  e x p e r im e n t s  w ere  p e rfo rm e d  i n  a  c o n s t a n t  t e m p e r a t u r e  en v iro n m en t  
a t  20 ± 0 .5 °C .
3 .2  M easurement o f  t h e  m o i s t u r e - c h a r a c t e r i s t i c
The w e t t i n g  m o i s t u r e - c h a r a c t e r i s t i c  6 (^ )  f o r  t h e  two Bungendore 
sand  f r a c t i o n s  was d e te rm in e d  u s in g  two in d e p e n d e n t  m e th o d s .  F i r s t l y ,  
a  lo n g  v e r t i c a l  s o i l  column made up o f  c y l i n d r i c a l  a c r y l i c  s e c t i o n s  o f  
19 mm i n s i d e  d i a m e t e r ,  and l e n g t h s  be tw een  10 and 50 mm, was a l lo w e d  to  
come t o  e q u i l i b r i u m  w i t h  a c o n s t a n t  w a t e r - t a b l e  (o f  0 .1  M CaCl2) a t  i t s  
b a s e ,  a f t e r  t h e  m ethod f i r s t  u se d  by Buckingham (1 9 0 7 ) .  Such a column 
i s  shown i n  F ig u r e  2 .
D e f in in g  t h e  f r e e  w a te r  s u r f a c e  o f  t h e  w a te r  t a b l e  a s  z e ro  g r a v i t a t i o n a l  
p o t e n t i a l ,  th e n  a t  e q u i l i b r i u m  t h e  t o t a l  p o t e n t i a l  i s :
'F = iJj — z = 0 ,
and t h e r e f o r e  t h e  s o i l - w a t e r  p o t e n t i a l  i s :
ip = z (m H^O) .
Remembering t h a t  z was d e f i n e d  p o s i t i v e  downward, t h e  s o i l - w a t e r  
p o t e n t i a l  ( n e g a t i v e )  i s  e q u i v a l e n t  t o  t h e  h e i g h t  o f  t h e  s o i l - w a t e r  i n  
t h e  column above t h e  f r e e  w a te r  s u r f a c e .
Columns w ere  d e s t r u c t i v e l y  sam pled a t  i n c r e a s i n g  t i m e s ,  and th e  
a v e ra g e  w a t e r - c o n t e n t  i n  e a c h  s e c t i o n  was d e te rm in e d  g r a v i m e t r i c a l l y  by

26.
oven drying the soil samples at 105°C. The soil-water potential was 
taken as the vertical displacement from the mid-point of the section to 
the free water surface. The criterion for establishing when the 
columns had come to equilibrium with the water table was that two 
consecutive sampled columns yielded the same moisture-characteristic, 
the columns being sampled weekly.
Equilibrium times for this method were quite long, with a column 
of length 0.8 m requiring at least three weeks to satisfy the above 
criteria. For longer columns, the equilibration time increases greatly.
Further experiments to determine 0 (ip) were performed on both sand 
fractions using the method of Haines (1930), which is a variation of 
that described above. The apparatus used in this method is also shown 
in Figure 2. The base of relatively thin samples of soil were exposed 
to water at a sequence of increasing potentials, starting from a 
relatively large negative potential. Knowing the initial water-content, 
by measuring the uptake of water for each increment of pressure, and the 
water-content at saturation, the moisture-characteristic curve was found. 
This method required periods of between five and ten days to collect 
enough data points to produce a moisture-characteristic curve.
The second method used for obtaining the wetting moisture-
characteristics was that of Perroux et al. (1982). Water was supplied
—8 —Iat a small constant flux of 4.84 x 10 m s  from a "Unita" constant- 
rate syringe pump to the top of a thin section of soil fully occupying 
an acrylic cell 25.4 mm in diameter and 12.9 mm deep. Water was applied 
uniformly over the soil surface using a 15-bar ceramic plate, with a 
similar plate at the bottom of the sample used as a tensiometer, connected 
to a pressure transducer to measure the pressure-head (potential) at the
2 7 .
bo tto m  o f  t h e  s a m p le ,  F ig u r e  3 . As d e m o n s t ra te d  by P e r ro u x  e t  a l . ,  t h i s  
method a p p e a r s  to  g iv e  an a c c u r a t e  m easu re  o f  t h e  m o i s t u r e - c h a r a c t e r i s t i c  
by e q u a t i n g  th e  w a t e r - c o n t e n t  o f  t h e  sam ple  a t  a g iv e n  t im e  ( r a t e  
m u l t i p l i e d  by t im e ,  p l u s  i n i t i a l  w a t e r - c o n t e n t )  w i th  t h e  m easu red  p o t e n t i a l .  
The a d v a n ta g e  o f  t h i s  method o v e r  t h e  s t a t i c  column e x p e r im e n t s  i s  th e  
amount o f  t im e  r e q u i r e d  t o  g e t  0(ip), t h e  c o n s t a n t  r a t e  e x p e r im e n t s  a t  t h e  
above f l u x  t a k i n g  o n ly  t h i r t y  h o u r s ,  compared t o  weeks f o r  s t a t i c  co lum ns , 
and days  u s in g  H a i n e s '  m ethod .
The above m ethods do n o t  p ro d u ce  t h e  c o m p le te  m o i s t u r e - c h a r a c t e r i s t i c  
f o r  t h e  w a t e r - c o n t e n t  r a n g e  o f  t h e  two m a t e r i a l s .  To o b t a i n  0 (^ )  i n  t h e  
r e g i o n  o f  l a r g e  n e g a t i v e  p o t e n t i a l s ,  t h e  m o i s t u r e - c h a r a c t e r i s t i c  c u rv e s  
w ere  e x t r a p o l a t e d  using; t h e  e x p o n e n t i a l  r e l a t i o n s h i p  p ro p o se d  by Brooks 
and Corey (1966) .
* = * U e - 0r ) / ( 0p- e r ) ] n (31)
w h e re :  iJj = s o i l - w a t e r  p o t e n t i a l  a t  w a t e r - c o n t e n t  0^ ,
0^ = a i r - d r y  w a t e r - c o n t e n t  o f  s o i l ,  and
n = e x p o n e n t ,  found by f i t t i n g  t o  t h e  
e x i s t i n g  c u rv e  and t h e  i n i t i a l  
w a t e r - c o n t e n t  p o t e n t i a l  ^  =
- 9 .7 0  m H^O f o r  b o th  s o i l s .
The p o t e n t i a l  ip was c h o sen  a s  (1) = - 0 . 2  m Ho0 .
P P 2
F i g u r e s  4 ( a ) , ( b )  show th e  m o i s t u r e - c h a r a c t e r i s t i c s  d e r i v e d  from 
th e  above m ethods f o r  t h e  two sand  f r a c t i o n s .  For t h e  two m a t e r i a l s  
t h e r e  i s  some d i s c r e p a n c y  be tw een  t h e  s t a t i c  column (and H a i n e s ' )  
method and th e  c o n s t a n t  f l u x  method c l o s e  t o  s a t u r a t i o n .  T h e re  a p p e a r s  
to  be l e s s  a i r  e n t r a p p e d  i n  t h e  sand  f r a c t i o n s  f o r  c o n s t a n t  f l u x  
a p p l i c a t i o n  th a n  f o r  c o n s t a n t  p o t e n t i a l  a p p l i c a t i o n  a s  i n  t h e  s t a t i c
28.
Figure 3. The apparatus used to measure the moisture-characteristic by 
applying water at a small constant rate to a soil sample. The acrylic 
section holding the soil is shown just to the right and above the 
syringe pump, and the pressure transducer on the far right. Water is 
supplied to the top of the sample, with the tensiometer on the bottom. 
The chart recorder gave a continuous measurement of soil-water potential 
with time.
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Figure 4(a). Wetting water-content - water potential relation 0  (ip) for 
the fine Bungendore sand fraction. The data for the two methods of 
determining the moisture-characteristic are identified on the figure. 
The smooth curve was used as the moisture-characteristic of the fine 
sand fraction for all calculations.
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Figure 4(b). Wetting water-content - water potential relation 0(ip) 
for the coarse Bungendore sand fraction. The data for the two 
methods of determining the moisture-characteristic are identified 
in the figure. The smooth curve was used as the moisture- 
characteristic of the coarse sand fraction for all calculations.
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columns and Haines’ experiments. This phenomenon was also noticed by 
Perroux et al. in their experiments on Bungendore sand.
The moisture-characteristic curves shown in Figure 4(a),(b) have 
been drawn using data from constant potential moisture-characteristic 
experiments near saturation. These data points match the observed 
water-contents at the surface of the soil for small negative water supply 
potentials used in absorption experiments for determining the soil- 
water diffusivity (Section 3.3), and also the observed first layer 
surface water-contents for the two-layer experiments. The assumption 
that these are the correct moisture-characteristics will be discussed 
later.
3.3 Measurement of the soil-water diffusivity
The diffusivity water-content relationship D(0) for the two sand 
fractions was determined using the method of Matano (1933), as applied 
to soil-water flow by Bruce and Klute (1956). The analysis follows 
that of Philip and Knight (1974).
Briefly, water at a constant -potential was applied to one end of 
a horizontal sectionable column of soil, and a water-content profile 
0(x,t) allowed to develop. Analysis of the water-content profile shape 
and area yielded D(0).
Starting from the flow equation (9), and the initial and boundary 
conditions appropriate to horizontal constant potential absorption, we 
obtain an expression that enables us to calculate D(0) from the water- 
content profiles.
Rewrite the flow equation (9):
30/at = 3/3x [D(0) 30/3x] (9)
3 2 .
subject to the initial condition:
4> = ^ , e  = e , t  = o, x > on n
and the constant potential boundary condition:
= i> , 0 = 8 , t > 0 , x = 0  . S S
(32)
(33)
The boundary condition states that upon application of water at potential
to the surface of the soil column, x = 0, the surface water-content is
G , the water-content at the potential from the moisture-characteristic, s s
We may remove the explicit dependence of equation (9) on time by 
introducing the Boltzmann transformation, [Boltzmann (1894)], after Crank 
and Henry (1949) :
X = x/t2 (ms 2) (34)
The flow equation and initial and boundary conditions then 
become respectively:
d/dX [D(e)d6/dX] + (X/2)d6/dX = 0
ip , e = e , x +  «n n
^ , 0 = 0 , X s s 0.
(35)
(36)
(37)
The solution to equations (35) to (37) will yield water-content
profiles 0(X), referred to as absorption water-content profiles, such
that for an imposed surface potential ij; (0 ) , there is one uniques s
0(X). This water-content profile is then used to calculate D(0) by 
rearranging and integrating equation (35) subject to equations (36) 
and (37):
■0
D(0) = -dX/d0 (X/2)d0 (38)
Care must be exercised to ensure that the applied water potential
33 .
does not produce a zone of saturation in the absorption water-content 
profile, as explained by Smiles et al. (1981). The potential must 
be negative, and large enough to ensure that the slope of the absorption 
water-content profile does not become infinite as X -* 0.
There is an increasing uncertainty in determining D(0) at water- 
contents approaching saturation because of the difficulty in accurately 
measuring the slope of the absorption water-content profile as X ■ + 0. 
This difficulty may be overcome to a large extent by ensuring that the 
experimental absorption water-content profiles 0(X), and those predicted 
by further manipulations of equations (35) to (37) agree, by adjusting 
D(0) in the region of 0 close to saturation. [See Appendix II for the 
derivation of the equations for prediction of 0(X) profiles.]
Absorption experiments were performed using each sand fraction to 
obtain the absorption water-content profiles 0(X) using the apparatus 
shown in Figure 5. Water at a constant potential was applied to the 
surface of horizontal columns consisting of soil packed to the given 
initial water-content and bulk density given in Table 1(c), in acrylic 
sections of internal diameter 10.1 mm. A Mariotte device was used to 
provide the constant water supply potentials of = -10 mm H^O, and 
= -100 mm H^O. Water was contacted with the soil surface using a 
porosity-2 sintered glass plate.
At the completion of an absorption experiment, the column was 
destructively sampled, and water-contents obtained by oven drying at 
105°C. Absorption water-content profiles 0(X) were then drawn, and 
D(0) derived using equation (38). The flux-concentration relation F(0) 
was also obtained from the absorption water-content profiles using 
equation (44) derived in Appendix I.
34.
Figure 5. A typical soil column used in the absorption experiments for
determining D(9) and F(0). The Mariotte device is shown to the left. The 
column, with its variable length sections, is arranged to give detailed 
information at regions of interest, e.g. at the wetting front. The same 
column was used in two-laver experiments.
35 .
'f6 f6F(©) = (A/2)d0 / S(A/2)d0
v
'0n J/ 1kn '
Predictions based on the theory presented in Appendix II were 
made, and D(0) at water-contents near saturation adjusted as required 
to match the experimental and predicted absorption profiles.
The absorption water-content profiles 0(A) for the two soil 
fractions and the two imposed surface water potentials are shown in 
Figures 6(a), (b),(c),(d). Each of these figures illustrates the 
collapse of the data onto one water-content profile for a given 
applied surface water potential.
It is convenient in the ensuing predictive two-layer theory to use 
an approximate mathematical form of the F(0) relationship, obtained by 
fitting a curve of the form described by Brooks and Corey (1966):
F(0) = 1 - (1 - 0)n (39)
to the F(0) obtained from the absorption water-content profiles. The 
fit was made to ensure that F(0) at water-contents near saturation 
agreed exactly, since it is in this region that D(0) is largest and 
increasing most rapidly. The F(0) relationship for each material, 
derived from the water-content profiles of Figure 6, is shown in 
Figures 7(a),(b), along with the fit using equation (39). The derived 
D(0) curves are shown in Figures 8(a),(b), with the data obtained from 
the experimental 0(A) profiles as shown in Figure 6.
Due to the method of determining the soil-water diffusivity of the 
two Bungendore sand fractions, the uncertainty in D(0) is relatively 
small compared to that for the moisture-characteristic.
Knowing both the moisture-characteristic and diffusivity water-content
Figure 6(a). 
Experimental water-content profiles 0(A) 
from absorption experiments with the 
fine Bungendore sand fraction at \p 
= -10 mm H20. 
The smooth curve represents the profile 
used in calculations for obtaining D(ö') and F(0).
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Figure 6(b). 
Experimental water-content profiles d(ip) from absorption experiments with the 
fine Bungendore sand fraction at if; 
= -100 mm H2O. 
The smooth curve represents the profile 
used in calculations for obtaining D(0) and F(0).
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ure 6(d). 
Experimental water-content profiles 0(X) from absorption experiments with the 
coarse Bungendore sand fraction at ij^g = -100 mm 
The smooth curve represents the
profile used in calculations for obtaining D(0) and F(0).
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Figure 7. 
The flux-concentration relation F(0) for (a) the fine Bungendore sand fraction, and 
(b) the coarse Bungendore sand fraction. 
The data points were derived from the 
appropriate absorption experiments, and the smooth curve represents the relation
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Figure 8(a). Soil-water diffusivity D(0) for the fine Bungendore 
sand fraction. The data for the two applied surface potentials 
are identified on the figure. The smooth curve was used in the 
predictive calculations described in the text.
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Figure 8(b). Soil-water diffusivity D(6) for the coarse Bungendore 
sand fraction. The data for the two applied surface potentials 
are odemtified on the figure. The smooth curve was used in the 
predictive calculations described in the text.
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relationship for the two Bungendore sand fractions, we may proceed to 
make predictions of the two-layer reduced water-contend profiles from 
the theory.
4. PREDICTIONS
The way in which the first and second layer reduced water-content 
profiles are calculated from the theory is best illustrated with reference 
to Figure 9. Knowing the moisture-characteristic, soil-water diffusivity, 
and appropriate F(0) for the two soils, we calculate the flux of water,
V , entering the surface of the first layer for a given applied surface
water potential ip (6 ) as a function of the first layer interfacial water- s s
content 6' using [1.]. We assume that F(0) found in the absorption 
experiments for determining D(0) is applicable to the two—layered case, 
[see Appendix I]. From the first layer moisture—characteristic we obtain
V (ip ) , [1. (b) ] . Because the potential across the interface must be
continuous, the potential must be common to both the first and second
layer interfacial surfaces. We can thus use the second layer moisture-
characteristic to obtain V (0*), [l.(d)]. Assuming quasi—steady-states o
flow in the first layer, we equate the flux entering the first layer to
the flux leaving the first layer and entering the second, [l.(e)]. We
now have V (0*), [l.(f)]. o o
For the second layer, we calculate the quantity VOI(0*) from [2.],
and using V (0*) from [1.(f)], we arrive at 1(6*), [2. (b)], the reduced
cumulative-inflow into the second layer. We may now calculate T from
[3.] obtaining T(I), [3. (a)], and then invoking 1(0*) we finally get
0*(T), [3.(c)] . o
The second layer reduced water-content profiles 0*(X)T, (X > 0) 
follow directly from [3.], whereas for the first layer water-content 
profiles 0’(X)T ,(-1 < X < 0) we need to know 0^(T), which is obtained
First Layer
r0
V (0’) = - D'(e')d6's o 0’ (T)0
[1(a)]
[1(b)]
[1(c)]
[1(d)]
V (^  ) s o
[2 ]
v (e*)sv o
[1(e)] ( v (e*) = v (e )v s o o o
[1(f)] V (0*) o o
Second Layer
V 1(0*) = o o
(e* * * D*(e*) *j0* ( en) F(0^7d0
n
[2(a)]
[2(b)] 1(6*)
[A]
[3(c)]
First Layer Profiles
x(e')T = -1 r0 ’ (T)D 1(0’ )d0'0s
- i
v (0 ' )o o J
[5] X(0*)
Second Layer Profiles 
-l r6*(T) D*(e*)T  =  V F )  J0 *  F(©*) de1
Figure 9. Flow chart illustrating the method of predicting the first and 
second layer reduced water-content profiles, 0’(X), and 0*(X).
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by stepping through the moisture-characteristics, and then using [4.].
Figures 10(a),(b) show the calculated V (0*) for the two materialso o
using an applied surface water potential  ^ = -10 mm H^O. The reduced
flux of water into the second layer is largest when the water-content
at the interface is equal to the initial water-content (0* = 0*), i.e.o n
when the potential difference between the applied water at the first 
layer surface and the interfacial potential is largest. As the potential 
difference between the surface and the interface decreases with increasing 
interfacial water-content, Darcy's law states that the flux into the 
second layer will decrease. For the fine sand fraction preceding the 
course fraction, the reduced flux into the second layer decreases 
gradually as 0*(^o) increases, while for the coarse sand fraction 
preceding the fine fraction, the reduced flux into the fine layer remains 
large, almost to saturation. The different behaviour of the two two- 
layer systems is due to the differences between the moisture-characteristic 
of each material.
The predicted 0*(T) curves are shown in Figures 11(a),(b). The 
reduced time T is seen to be strongly dependent on the second layer 
interfacial water-content for both the fine sand fraction preceding the 
coarse, and vice versa. The shane of the two predicted curves are similar, 
but the reduced time and water-content co-ordinates differ greatly.
Figures 12(a),(b) show the evolution of the reduced water-content 
profiles calculated from [4.] and [5.]. In both of these figures, the 
difference in the interfacial water-contents for a given interfacial 
potential is evident. Continuity of the soil-water potential across 
the two-layer interface must result in a discontinuous water-content
me
Figure 10. The calculated flux V into the surface of the second layer as 
a function of the second layer interfacial water-content 6$ for
(a) the fine Bungendore sand fraction preceding the coarse, and
(b) the coarse fraction preceding the fine. The water potential 
at the surface is \ps = -10 mm H2O.
1
Figure 11. 
Calculated reduced time T as a function of the second layer interfacial water-content 
0
* for (a) the fine Bungendore sand fraction preceding the coarse, 
and (b) the coarse Bungendore 
fr.P^inn nrpppriina fhp fine. 
The water potential at the supply surface is 
= -10 nun H2O._
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Figure 12(b). 
The evolutionary family of water-content profiles plotted 
against reduced distance X for the coarse Bungendore sand fraction 
preceding the fine, with values of reduced time T (s m“2) as shown.
49
CD
IO
50.
profile on the interface because of the differences in the moisture- 
characteristics of the two sand fractions.
The amount of water stored in the first layer with increasing reduced 
time T can be seen to be much smaller than the volume of water which has 
entered the second layer.
To completely specify predictively the flow in both layers, it is 
necessary to know the real time t when water begins to enter the 
second layer. From Appendix III we find that t can be predicted from 
equation (40):
to [L/x(e^)l2 L2/[(2/S) sD’ ( e ' ) / F ( e ' ) d e ']2 ••e'n
(40)
5. TWO-LAYER EXPERIMENTS
The two-layer soil experiments were performed in an identical
manner to the single layer absorption experiments for determining the 
soil-water diffusivity. Horizontal columns consisting of acrylic 
sections of 10.1 mm inside diameter, as shown in Figure 5., were packed 
with two Bungendore sand fractions, at their respective constant 
initial water-contents, to the required bulk density for each layer,
[see Table 1(c)]. Water was applied to the surface of the first layer at 
a potential of = -10 mm H20 from a Mariotte device using a porosity-2 
sintered glass plate.
During flow into the two-layer system, a record was kept of the 
cumulative inflow of water into the column, and the displacement of the 
water-content profile front, or wetting front, where the wetting front 
is defined as the position in the developing profile with water-content 
equal to the initial water-content. The wetting front was visible in 
both layers as a sharp boundary between the much darker wet soil, and 
the lighter soil at its initial water-content.
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The slope of the plot of cumulative inflow versus square root of
time gave the sorptivity of the first layer for the imposed surface
potential, as described in Appendix II, while tracking the displacement
of the wetting front allowed accurate checking of the predicted time t
with the observed tQ. In all two-layer experiments the measured sorptivity
of the first layer, and the time t for the wetting front to reach the
two-layer interface, were within 2% of the predicted values.
The cumulative inflow of water ihto the second layer was measured
with respect to time t = t .o
After the appropriate time of flow into the second layer to give
the required value of reduced time T (for the first layer length L),
the experiment was terminated and destructively sampled. Samples were
oven dried at 105°C to determine water-content profiles in each layer.
Three sets of experiments were performed to test the predicted
scaling of water-content profiles in the reduced co-ordinates X and T,
and later to test the ability of the quasi-analytical theory to predict
/the reduced profiles.
%
In the first set of five experiments, the fine Bungendore sand
fraction preceded the coarse fraction. The first layer length L was
varied between 80 and 150 mm, and the duration of flow into the second
layer was between 38.5 min. and 135 min. respectively, to establish a
+5 -2common reduced time T = 3.6 x 10 s m
For the same two layers, fine preceding coarse, a second value of 
+4 -2T = 7.2 x 10 s m  was chosen, and two experiments performed, one with
L = 250 mm, and the other with L = 500 mm. The respective times of
flow into the second layer were t - t =75 min., and t - t =J o ’ o 300 min.
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In the final set, the coarse fraction preceded the fine, and four
+4 -2experiments were performed for T = 7.35 x 10 s m . The first layer 
length L ranged from 100 mm to 250 mm, the respective times of flow 
in the second layer being 12.25 min. and 76.5 min.
6. RESULTS AND DISCUSSION
The experimental two-layer reduced water-content profiles for the 
two values of T for the fine Bungendore sand fraction preceding the 
coarse, and the reduced profile for the single value of T for the coarse 
fraction preceding the fine are shown in Figures 13(a),(b),(c) , along 
with the predicted reduced water-content profiles from the theory.
6.1 Scaling
If the basic equations derived for the two-layer theory are appro­
priate, then the experimental profiles should scale with the reduced time 
T for a given surface potential , when plotted against reduced distance X. 
Figures 13(a),(b),(c) verify the predicted scaling, the reduced water- 
content profiles collapsing onto a single curve for a given reduced time 
T. The experiments indicate that scaling is valid for the range of T 
values used, and for both a more permeable soil preceding one of lesser 
permeability, and vice versa.
It is not necessary to have any knowledge of the flow regime in the 
first layer during the two-layer flow for qualitative analysis. Whether 
the first layer flow is quasi-steady-state or not will not change the 
way in which the water-content profiles collapse onto a single profile 
in the reduced co-ordinates X, and T. Scaling of the profiles in the 
reduced co-ordinates is a result of the combination of the flow equation 
and the initial and boundary conditions. The phenomenon of scaling in
Figure 13(a). 
The water-content profile in the two layers for the fine Bungendore sand 
fraction preceding the coarse with T = 7.20 x 10"^ s m ^and i|;s = -10 mm H20* 
The values 
of L and t-t 
are as shown on the figure. 
The smooth curve represents the prediction 
based on the two-layer theory, and the dashed line the profile obtained using the 
experimental 0$ 
in the calculations.
I
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Figure 13(b). 
The water-content profile in the two layers for the fine Bungendore sand fraction 
preceding the coarse with T = 3.60 x 10"*"-* s m~^ and ips 
= -10 mm H2O. 
The values of L and 
t - tQ are as shown on the figure. 
The smooth curve represents the prediction based on the 
two-layer theory, and the dashed line the profile obtained using the experimental 0* in the 
calculation.
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reduced co-ordinates should therefore be common to all uniform and stable 
two-layer soil systems.
Making use of the observed scaling, we can make reasonably sensitive 
qualitative predictions of, for example, the effect of different depths 
of cultivation, and the effect of different depths of mulches etc., 
on the development of water-content profiles in both layers, when gravity 
can be ignored.
An important advantage of scaling is that a single experiment 
performed on the two-layer system for a particular value of T may be 
used to "predict” water-content profiles at other values of L for the 
same value of T. Used in this way, there is no need to measure the soil- 
water properties D(6) and 0(^) of the two soils, the system being 
completely parameterised by T.
6.2 Predictions
The predicted two-layer profiles are of the correct shape, but are
integrally in error. Possible causes of the observed error in the
*
predicted profile are as follows.
%
The predicted and experimental reduced cumulative inflow I as a 
function of the square root of reduced time T are shown in Figures 
14(a),(b) for the two two-layer soil systems. For the fine sand 
fraction preceding the coarse, for both experimental values of T, the 
predicted reduced cumulative inflow is larger than that experimentally 
determined. This agrees with the reduced water-content profiles of 
Figures 13(a),(b), the predictions being integrally larger than 
experiment. In the second system with the coarse sand fraction preceding 
the fine, the predicted reduced cumulative inflow is slightly less than
5 7 .
Fine -> Coarse
720
Figure 14(a). Experimental reduced cumulative inflow I as a function 
of square root of reduced time for the fine Bungendore sand 
fraction preceding the coarse. The data for the two experimental 
values of T are identified on the figure. The smooth curve 
represents the predicted behaviour from the two-layer theory. The 
water potential at the supply surface is \ps  = -10 mm H2O.
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Coarse -* Fine.
Figure 14(b). Experimental reduced cumulative inflow I as a function of 
square root of reduced time for the coarse Bungendore sand fraction 
preceding the fine. The data are for the experimental value of T 
identified on the figure. The smooth curve represents the predicted 
behaviour from the two-layer theory. The water potential at the supply 
surface is \}js = -10 mm H2O.
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t h e  e x p e r i m e n t a l  v a l u e s .  A g a in ,  t h i s  a g r e e s  w i th  t h e  r ed u c e d  w a t e r -
c o n te n t  p r o f i l e  o f  F ig u r e  1 3 ( c ) .  The f a c t  t h a t  t h e  e x p e r im e n ta l  and
h
p r e d i c t e d  I (T  ) l i e  v e ry  c l o s e  t o g e t h e r  compared to  t h e  d i f f e r e n c e  in
th e  e x p e r i m e n t a l  and p r e d i c t e d  re d u c e d  w a t e r - c o n t e n t  p r o f i l e s  i s  due t o
th e  s t r o n g  dependence  o f  T, I ,  and h en ce  X on 6* , and t h e  much weakero
f u n c t i o n a l  dependence  o f  I  on T . The d i f f e r e n c e  be tw een  e x p e r im e n t  
and t h e o r y  shown i n  th e  I (T  ) p l o t  c o r r e s p o n d s  e x a c t l y  t o  t h e  d i f f e r e n c e  
in  t h e  e x p e r im e n ta l  and p r e d i c t e d  re d u c e d  second  l a y e r  w a t e r - c o n t e n t  
p r o f i l e s
As t h e  f lo w  p r o c e s s  e v o lv e s  w i th  t im e ,  t h e  f i r s t  l a y e r  sh o u ld  
e x e r t  a d i m i n i s h i n g  i n f l u e n c e  on th e  f lo w  i n  t h e  second  l a y e r ,  t h e  
second  l a y e r  f lo w  a p p ro a c h in g  t h a t  o f  c o n s t a n t  p o t e n t i a l  a b s o r p t i o n .
I f  t h i s  i s  t r u e ,  th e n  th e  c u m u la t iv e  i n f lo w  m easured  w i th  r e s p e c t  t o
%t h e  s q u a re  r o o t  o f  e l a p s e d  t im e  ( t - t  ) s h o u ld  t e n d  to w a rd s  a c o n s t a n to
v a lu e  e q u a l  t o  t h e  s o r p t i v i t y  o f  t h e  second  l a y e r  f o r  t h e  a p p r o p r i a t e
a s y m p to t i c  i n t e r f a c i a l  p o t e n t i a l ,  [ s e e  A ppendix  I I ] .  I n  te rm s  o f  t h e
red u c e d  v a r i a b l e s  I  and T, t h i s  same r e l a t i o n s h i p  s h o u ld  a p p ly ,  I s e e
%
Appendix  I I I J .  R e f e r r i n g  t o  F ig u r e s  1 4 ( a ) , ( b ) ,  t h e  l o g - l o g  p l o t  o f
hI (T  ) s h o u ld  g r a d u a l l y  a p p ro a c h  a s lo p e  o f  u n i t y  a s  T i n c r e a s e s .  At
l,
l a r g e  v a l u e s  o f  T t h e r e  i s  a r e d u c t i o n  i n  t h e  s lo p e  o f  I ( T 2) f o r  b o th  
t w o - l a y e r  s y s te m s ,  however t h e  r a n g e  o f  T does  n o t  a l lo w  co m p le te  
v e r i f i c a t i o n  o f  t h i s  b e h a v io u r .
The above o b s e r v a t i o n  o f  a c o n s i s t e n t  e r r o r  i n  I (T  ) and th e  
r e d u c e d  seco n d  l a y e r  w a t e r - c o n t e n t  p r o f i l e  0*(X) f o r  t h e  two tw o - la y e r  
sy s te m s  may be an i n d i c a t i o n  t h a t  t h e r e  a r e  p rob lem s o c c u r in g  i n  t h e  
r e g i o n  o f  t h e  i n t e r f a c e  w h ich  a r e  n o t  r e c o g n i s e d  i n  t h e  t h e o r y .  One 
such  p rob lem  may a r i s e  i f  t h e r e  i s  a  r e g i o n  a t  t h e  i n t e r f a c e  where t h e
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soil is decreasing in water-content, in which case the wetting moisture- 
characteristic may not apply if the two sand fractions exhibit hysteresis 
in their wetting and draining moisture-characteristics, as described by 
Childs (1967). Such a region may occur near the interface if, for example, 
the soil-water potential gradient and hydraulic conductivity of the 
second layer were greater than that in the first layer. Further experiments 
implementing tensiometers to measure the soil-water potential in the 
vicinity of the interface between the two layers may give some insights 
to this problem.
The major difficulty arises because of the critical dependence of 
the calculations on the accuracy of determining the interfacial water- 
content 6* in the second layer, particularly as 0* approaches saturation. 
Because D(0) is so strongly dependent on 0, uncertainty in 0* due to the 
necessity of using two moisture-characteristic curves in the analysis 
will lead to a large misclose between the predictive theory and experiment. 
Referring to Figures 13(a),(b),(c), a reduced water-content profile was
evaluated to match the observed second layer water-content profile for
%
each of the sets of two-layer experiments by adjusting the second layer 
interfacial water-content 0*. In each case, only a small change in the 
predicted second layer surface water-content was necessary to match the 
fitted and experimental reduced water-content profiles. Such a small 
change is easily accounted for in the experimental uncertainty involved 
in determining the moisture-characteristic of each of the two sand 
fractions.
The assumption of quasi-steady-state flow in the first layer will 
contribute slightly to the difference in predicted and observed water- 
content profiles. As the first layer profile develops, a small amount of
61.
water is stored in that layer (the increase in area under the water- 
content profile as 0^ increases), reducing slightly the cumulative 
volume of water entering the second layer. Referring to Figure 13(a),
(b), (c) one would expect to find the predicted water-content profile 
in the second layer to be integrally larger than the reduced experimental 
profile at a given reduced time T. This is true for the fine sand 
preceding the coarse, but not for the coarse sand preceding the fine, 
and in both cases the difference between the predicted and experimental 
profiles is too great to be due only to this facet of the quasi-steady- 
state flow approximation.
One way of testing the applicability of the quasi-steady-state flow
approximation in a general way is to apply it to a system that has the
same soil-water properties in both layers of soil. If, for example, we
could compare the horizontal absorption profiles for each sand fraction
alone as experimentally determined in Section 3.3 with those obtained
using the two-layer theory for "two layers" of the one sand fraction,
/
then we may gain some insight on the effect of quasi-steady-state flow 
on the predicted two-layer profiles.
From Appendix IV we have:
A
r
-[V (e )]_1
f0
D(0)d6O O 0s '
e <  e <  eo s (59)
A
' .0
i-[v (e )]-1 D(0)/F(0)d0O O 0o
e <  e <  en o (60)
which allow calculation of the "first" and "second" layer absorption
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profiles for "two layers" with the same soil-water properties, 6(ip) and
D(6). The choice of 6 determines the length of the "first layer" ino
which quasi-steady-state conditions are applied.
"Two-layer" water-content profiles in the Boltzmann co-ordinate X 
were calculated from equations (59) and (60), and compared to the 
absorption profiles from experiments performed on each sand fraction. 
Figures 15(a),(b) show the comparison. For 0q close to 6g, the "two- 
layer" predicted absorption water-content profiles are very close to those 
predicted and observed for horizontal absorption by a homogeneous soil 
as described in Section 3.3 and Appendix I and II. This is expected 
since the region of steady—state flow is small, and the flux—concentration 
relation F(0) used in the second layer analysis is that for constant 
potential absorption of water by a homogeneous soil. As the region of 
steady-state flow is increased by decreasing 0q, the "two-layer" profile 
increases only slightly, until with 0^ — 0^ the entire profile is that 
for steady-state flow. The small effect that a region of steady—state 
flow has on the absorption profiles gives some justification to using 
this assumption for the two-layer predictions, but it must be realized 
that flow in the two-layer system is quite distinct from that in a 
uniform homogeneous soil, and it does not follow that this is an absolute 
justification for the use of the quasi—steady—state flow approximation.
Earlier it was mentioned that the two methods of determining the 
moisture—characteristics indicated different behaviour near saturation, 
with the constant potential method (static columns and Haines’ method) 
producing a different curve at and near saturation from the constant 
flux method of Perroux et al. (1982). In the early stages of flow into
Figure 15(a). 
Comparison of the experimental absorption profile (solid line) for the fine Bungendore 
sand fraction with those predicted by the two-layer theory applied to two layers of the same soil. 
The first layer length was adjusted in the predictions by changing 0Q. 
The values of 0Q for the 
predicted absorption profiles are identified on the figure. 
The water potential at the supply 
surface is 
= -10 mm H2O.
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,ure 15(b). 
Comparison of the experimental absorption profile (solid line) for the coarse Bungendore 
sand fraction with those predicted by the two-layer theory applied to two layers of the same soil. 
The first layer length was adjusted in the predictions by changing 0O. 
Ihe values of 0O for the 
predicted profiles are identified on the figure. 
The water potential at the supply surface is 
iij„ = -10 mm HgO.
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the second layer, the water entering the surface of the second layer is 
subject to a boundary condition between that of constant potential, and 
constant flux, tending towards that of constant potential with increasing 
time. We assumed in the two-layer predictive theory that the constant 
potential moisture-characteristic applied to both layers. At small 
reduced times T, the surface water-contents of the first and second 
layers are small, the region of water-content in which the two methods 
of determining the moisture-characteristics agree. It is only at large 
times when the flow in the second layer approaches that of the constant 
potential boundary condition that the second layer surface water-content 
reaches values which exhibit discrepancies in the two methods of moisture- 
characteristic determination. Thus the constant potential method of 
determining the moisture-characteristics in the region of water-content 
near saturation is the more applicable for this system.
A detailed analysis of the errors and uncertainties that arise in
the experimental determination of the soil-water properties, and the data
*
for the two-layer experiments, has not been attempted. However, a
%
qualitative inspection of the possible sources and relative importance 
of these errors and uncertainties needs to be made.
In the measurement of the moisture-characteristic, the scatter 
of the data, particularly near saturation, is predominantly due to 
problems of packing the soil into columns or sections. No matter how 
carefully the packing is done, the complicated pore structure of the soil 
can never be exactly duplicated in different columns or sections.
The same packing problems occur in the horizontal columns used in 
the absorption experiemnts, and the two-layer experiments. There is
6 6 .
also an added source of possible error in these experiments in contacting 
the water supply to the soil surface. As the water supply in these 
experiments is maintained at a small negative potential, a porosity-2 
sintered glass plate was used to provide contact between the soil and 
water supply. The degree of contact between the plate and the soil may 
vary, affecting the volume flux of water entering the soil. There is 
also the possibility that in the early stages of inflow when the flux 
of water is large, the plate may restrict the flow of water, though 
this was not obvious in the experiments.
The method used to evaluate the soil-water diffusivity is subject 
to less uncertainty than is the moisture-characteristic. The diffusivity 
calculated from the horizontal absorption profiles may be used to predict 
the profiles from which it was calculated, and then adjusted to ensure 
that the experimental and predicted profiles are the same, resulting in 
a more accurate D(G) than the horizontal absorption experiments alone 
would allow.
7. CONCLUSION
The experimental data confirms the predicted scaling of the two-layer 
profiles in the space- and time-like variables X and T, for horizontal 
one-dimensional absorption of water (0.1 M CaC^ solution). This 
scaling phenomena is a result of the flow equations and boundary 
conditions which describe water movement in the two-layer system, and is 
completely independent of the particular soil-water properties.
Knowledge of such scaling allows qualitative prediction of water- 
content profile behaviour with changes in the length of the first layer, 
and further, allows predictions of the water-content profile behaviour
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based on one experiment in the two-layer system, the soil-water properties 
0(i|O and D(0) not being necessary for such scale predictions.
The quasi-analytical predictive theory was unable to produce good 
matching with experimental reduced profiles, this due to a large extent 
to the necessity of using two moisture-characteristics with their 
inherent uncertainties, particularly near saturation, where the large and 
rapdily changing values of diffusivity magnify the effect. The ability 
of the theory to predict accurately the first and second layer reduced 
water-content profiles depends on the accuracy of measuring the two 
moisture-characteristics, and a better understanding of the flow at the 
interface between the two layers.
An extension of the two-layer theory to vertical infiltration is
possible. Due to the added problem of gravity, however, the scaling
phenomenon as described will not be applicable. The vertical second
layer water-content profile at any time t may be obtained by integrating
Darcy’s law from the appropriate interfacial soil-water potential, and
the time dependence of the interfacial potential obtained in an analagous
%
manner to that of the theory above. The presence of gravitational terms 
in the boundary condition at the surface of the second layer, and in the 
determination of the time dependence of the interfacial soil-water 
potential would seem to exclude the possibility of invoking general 
space-and time-like co-ordinates.
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APPENDICES
I The flux-concentration relation and its determination
Philip (1973) introduced the flux-concentration relation F as an
essential step in the development of a quasi-analytical technique for
solving the unsaturated flow equation, Knight and Philip (1974),
Philip and Knight (1974). The general character of F, a function which
expresses the dependence of the flux density on water-content, was
explored by Philip (1973) , who detailed its behaviour for selected
examples. Philip found that F is a function of the volumetric water-
content e, the initial and surface water-contents 6 , and 0 , andn s
time t:
f = F(e,en ,es,t) . (40)
For homogeneous, one-dimensional, semi-infinite systems where 
gravity may be ignored:
F = v(6)/v (6 ) (41)s s
where: v = volume flux density of water at
position with water-content 0,
vg = volume flux density of water at
the soil surface, 0=0 .s
The flux-concentration relation is a very "robust" relation.
It may be shown that F varies over a very small range for quite 
different flow regimes, [Philip (1973)], and it is this property that 
permits its use in transient flow problems.
The continuity equation (8) in the form:
(8x/at)Q = (3v/30)t (42)
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may be integrated with respect to 6 and substituted into equation (41) 
to give:
F O x / 9t) d0o S(3x/9t)Je1 n
(43)
For constant potential absorption, using the Boltzmann 
transformation:
X = x/t5 (34)
equation (43) may be written:
' \Q
(re s
(x/2)de
Jo / (x/2)de4 ftu ^ n ; un ;
The evaluation of F is then straightforward from the experimental 
profiles 6(X), using equation (44). It is convenient to follow the 
example of Philip and make use of the normalized water-content ©,
e = (e - e )/(e - e ) .n s n
For the constant potential boundary condition, F(0), as shown 
above, is independent of time.
For flow regimes other than constant potential horizontal 
absorption, the measurement of F(0) is difficult because of its time 
dependency. However, White (1979) has shown that to an excellent 
approximation the time independent F(0) derived from horizontal constant 
potential absorption experiments may be used for flow under the constant 
flux boundary condition.
The flow regime in the second layer lies somewhere between the 
constant potential and constant flux boundary conditions, so the use 
of the time independent F(0) would seem to be a reasonable approximation
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to the real F(0) in the second layer. In the reduced coordinates of the 
two-layer theory, we may write:
f (0*) = v(e*)/v (e *) . (45)o o
as the flux-concentration relation for the second layer. In fact, as 
time, or reduced time T, increases, this approximation improves because 
the first layer has a diminishing influence on the flow in the second 
layer, the second layer flow approaching that with the constant 
potential absorption boundary condition.
For the first layer, before the wetting front reaches the second 
layer, equation (44) yields the exact F(©’).
II Prediction of absorption profiles
The prediction of 0(A) profiles requires the definition of the 
cumulative-inflow of water into the soil with respect to the square 
root of time, a quantity called the sorptivity, S:
S(es ) S ^A d0 (ms 2).kn
(46)
Using the flux-concentration relation as defined in Appendix I
equation (44):
f9 resF = “V/V* = s (A/2)d0
j A / (A/2)d04 n
n ; n '
(47)
-hwhere: “V* = flux of water (m s 2) in Boltzmann space 
at 0(A) , and
AT = flux of water in Boltzmann space at the 
surface,
along with Darcy’s law transformed into Boltzmann space:
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“V  = AT F(0) = -D(e) d0/dA s (48)
we may integrate equation (48), using, from equation (46) and (47):
to arrive at:
V  = S(0 )/2 s s (49)
(1/2)
fA
S(0g)dA
S(0g)A/2
D(e)/F(©)de
0s
0
D(0)/F(©)d0 (50)
Substituting for A from equation (5) into equation (46) and 
integrating by parts:
r6o
S (0g)/2
JQr
(0-0 )D(0)/F(©)d0 n (51)
Equation (51) yields S(0g), which upon substitution into 
equation (50) gives the predicted water-content profile 0(A).
This exercise requires iteration, since F(0) is not known 
a priori The iterative method is as follows. Using an initial 
realistic guess at F(©), say F(0) = ©, we calculate a 0(A) profile 
using equations (50) and (51). We may then calculate a new estimate 
of F(0) using equation (47) and the predicted profile 0(A), which in 
turn is used to obtain a better estimate of 0(A), and so on. The 
iterative method appears to converge quite rapidly, the precision of 
the scheme being limited by the experimental determination of D(0).
For a more detailed discussion of the iterative procedure of determining 
F(0) see Philip and Knight (1974).
Ill Prediction of tQ
The time t0 for the wetting front to reach the second layer may 
be predicted using equations (50) and (51) derived in Aopendix II:
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s(e )x/2 =s
'0 ’ 
•0s
D (0’)/F(0')d0’ (50)
s2(0 )/2s S (6 ’ - 0') D ’ (O^/FCe^d©' . n
0’n
(51)
It is convenient to transform the origin in the two-layer system 
from the interface between the two layers to the surface of the first 
layer. Introduce the transformed horizontal displacement coordinate
x ! = x + l . (52)
For an applied surface water potential ^g (6s) we may calculate
the sorptivity from equation (51):
■0
S(0g)/2 V (0’ - 0 ’)D'(0,)/F(©,)d0' . nn
We now wish to calculate the value of X when the wettine front 
reaches the two-layer interface, x' = L, 0' = 0^, from which we may obtain 
tQ using the definition of the Boltzmann coordinate, equation (34). We 
may write:
X(0') = x ’(0' = 0 ’)/t^ n n o
X(0’) = L/t®5 (53)n o
and tQ follows after rearranging equation (53) and substituting 
for X(0’) from equation (50):
to [l/x o ;)]2 (2/S)Vn
(0 ’) /F(G’)d0 ’
2
(54)
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IV Derivation of equations to test quasi-steady-state flow
We may calculate the time tQ for the wetting front to reach the 
end of the first layer in the two-layer system using equation (54), 
derived in Appendix III. The reduced time Tq corresponding to tQ is:
T = t /L2 (55)o o
and the total reduced time of water flow into the two-layer system 
is Tt :
T = T + T . I o (56)
We need to transform the origin of the reduced two-layer system 
from the interface between the two layers to the surface of the first 
layer to correspond to the origin of the Boltzmann coordinate X.
We define a new reduced horizontal displacement X':
X' = X + 1 . (57)
The two-layer reduced profiles may be related to the profiles 
in the Boltzmann coordinate X, by definition:
(58)
We may expand equation (58) using equations (30) and (24) for 
reduced profiles written in terms of the Boltzmann coordinate for 
the first and second layers respectively:
x -  ( V 15 D(0)d0 e < 0 < 0o s (59)
X D(0)/F(0)d0 0 < 0 < 0 .(60) n o
o
For a given 6^ we may predict the 0(X) profile using equations 
(59) and (60) for the two regions of flow. The length of the first 
layer is determined by the choice of 0q.
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